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MAZUR’S INEQUALITY AND LAFFAILLE’S THEOREM 


CHRISTOPHE CORNUT 


Abstract. We look at various questions related to filtrations in p-adic Hodge 
theory, using a blend of building and Tannakian tools. Specifically, Fontaine 
and Rapoport used a theorem of Laffaille on filtered isocrystals to establish a 
converse of Mazur’s inequality for isocrystals. We generalize both results to 
the setting of (filtered) G-isocrystals and also establish an analog of Totaro’s 
0-product theorem for the Harder-Narasimhan filtration of Fargues. 


1. Introduction 

Many spaces that show up in p-adic Hodge theory are closely related to buildings. 
Quite naturally, building theoretical tools have thus occasionally been used to study 
these spaces. In continuation with [6], this paper tries to promote the idea that 
a more systematic use of the building framework sometimes leads to streamlined 
proofs and new results in p-adic Hodge theory, and certainly already provides an 
enlightening new point of view on various classical notions. 

For instance in jB], we showed that the Newton vector of an isocrystal (V) p) 
can be identified with the translation vector of p, viewed as a semi-sinrple isometry 
of the Bruhat-Tits building of GL(V). Filtrations F on V come into the picture 
as non-expanding maps on the building, and the weak admissibility of a filtered 
isocrystal (V, p, F) is related to the joint dynamic of the (p, .Fractions on the 
building: this was first observed by Laffaille he who showed that ( V ., ip, F) is 
weakly admissible if and only if V contains a strongly divisible lattice, giving rise 
to a special point of the building fixed by the composition of tp and F. This criterion 
for weak admissibility implies that V contains a lattice L such that L and pL are 
in (given) relative position p if and only if there is a weakly admissible filtration 
F of type p on V. Fontaine and Rapoport ED] gave a criterion for the existence 
of F, thereby establishing a converse to the already known necessary condition for 
the existence of L - Mazur’s inequality. Our first target is the generalization of 
both results to more general reductive groups (Theorem [4] and [7j • Note that the 
converse of Mazur’s inequality for unramified groups was already established by 
he following a strategy suggested by EE Our method yields a somewhat weaker 
result: we say nothing about the existence of special (strongly divisible) points. 

There are now many proofs that the tensor product of weakly admissible fil¬ 
tered isocrystals is weakly admissible. In the unramified case that we have been 
implicitly considering thus far, this was an immediate consequence of Laffaille’s 
criterion. Later on, Faltings [8] generalized Laffaille’s proof to the unramified case, 
and Totaro HU found another proof related to Geometric Invariant Theory. It 
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turns out that Totaro’s proof has a very clean building theoretical translation. In¬ 
stead of just repeating his arguments in this smoother framework, we chose to treat 
the slightly more difficult case of semi-stable weakly admissible filtered isocrystals 
(Theorem 1 1 2fl , where semi-stability here refers to the notion introduced by Fargues 
in connection with his own Harder-Narasimhan filtrations [9j. 

The need to properly identify filtrations with non-expanding operators on Bruhat- 
Tits buildings led us to write [5], which was initially meant to be the first part of 
this paper, but eventually grew way out of proportion. This will be our general 
background reference for everything pertaining to T-graduations, T-filtrations and 
their types. We similarly refer to mm for G-isocrystals, [ 171 El for T-filtered 
G-isocrystals, [I] for CAT(0)-spaces and [f 8 j [5] for Bruhat-Tits buildings. 


2. Unramified Filtered Isocrystals 


2.1. Let K be a field, T / 0 a subgroup of R, V a finite dimensional A'-vector 
space. A T-graduation on V is a collection of AT-subspaces Q = (C/ 7 ) 7g r such that 
V = © 7 gr^ 7 - A T-filtration on V is a collection of A'-subspaces A = (A 7 ) 7g r for 
which there exists a T-graduation Q such that A = Fil(fy), i.e. A 7 = ©^> 7 0^ for 
every 7 £ T. We call any such Q a splitting of A . If W is a A'-subspace of V, then 
A|W = (J 77 (~l IU) 7e r is again a T-graduation on W. The degree of A is given by 

deg (A) = Y dim R' ( Gi e) ' 7 


where Gr^- = F 1 / F+ with F\ = U I)> 7 J ri7 for every 7 £ T. The scalar product of 
two T-filtrations Ai and A 2 on V is defined by the analogous formula 


(^ 1 ,^ 2 ) 


E 

71 >72 


dim# 


Tl'nTf 




■JT riA£ + 


•7172 


E 7 ' deg Gr 7 2 (A 2 ) = Y 7 ' de § Gi e 2 (^i) 

7 7 


where GrJ. (Aj) is the F-filtration induced by F :j on Gr J-. We denote by Gr r (A') 
and Fil r (AT) the categories of T-graded and T-filtered finite dimensional A'-vector 
spaces, and equip them with their usual structure of exact A'-linear ©-categories. 
The Fil and Gr-constructions yield exact AT-linear ©-functors 


Fil : Gr r (AT) -o- Fil r (AT) : Gr. 


The formula (lG)j = G-j defines an involutive exact ©-endofunctor of Gr r (A'). 


2.2. Let k be a perfect field of characteristic p > 0, W(k) the ring of Witt vectors, 
K = W(fc)[A] its fraction field, er the Frobenius of k. W(k) or K. An isocrystal over 
k is a finite dimensional A'-vector space V equipped with a u-linear isomorphism <p. 
Since k is perfect, there is a canonical slope decomposition (V, ip) = ©agq(Va, p\V\). 
The (/j-stable A'-subspace V\ is the union of all finitely generated !F(fc)-submodules 
L of V such that (A) = p d L, where A = ^ with (d, h) G Z x N. We denote by 
Iso(fc) the category of isocrystals over k. It is a Q p -linear (non-neutral) Tannakian 
category and the above slope decomposition yields an exact Q p -linear ©-functor 

v : Iso(fc) — > Gr®(A'). 
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2.3. A T-filtered isocrystal over k is an isocrystal (V, ip) together with a T-filtration 
F on V. The A'-vector space V thus carries three filtrations: the Hodge T-filtration 
Hu = F and the pair of opposed (^-stable Newton Q-filtrations Fn = Fil((/jv) and 
F' N = Fil(i^Ar) attached to the slope decomposition Qm = v(V, ip), given by 

Fn = (Bn>\Vr) and F'ff = ©jj>aP—j?- 
Lemma 1 . The following conditions are equivalent: 

(1) (V, p, F) is weakly admissible, i.e.: 

(a) deg(JA) = deg(Ajv) and 

(b) deg(AA|l / h) < deg(J r Ar|hh) for every ip-stable K-subspace W ofV, 

(2) For every ip-stable A-filtration 3 on V, (Fh, 2) < (J-jv,S). 

(3) For every ip-stable A-filtration 5 on V, (Fh, 2) + (F^,S) < 0. 

In (2) and (3), A is any non-trivial subgroup o/M. 

Proof. For a (^-stable A'-subspace W of V and a , b , 6 in A with a < b, set 

! V if 5 < a, 

W if a < S < b, 

0 if b < 6. 

This defines a (^-stable A-filtration 5 w,a,b = C^-wa b)< 5 eA on V with 

(Fh, ^w,a,b) = a ■ deg(F H ) + (b - a) ■ deg(F H \W) 

and (F n , Z w ,a,b) = a ■ deg(F N ) + (b - a) ■ deg(Jiv|W) 

Now ( 2 ) implies that (Fh, S w,a,b } < (Fn, 2 w,a,b ) for every choice of W and a < b, 
from which (1) easily follows. Conversely, let 3 be any ^-stable A-filtration on V. 
Write {<5 € A : Gr| ^ 0} = {<5i < • • • < (5 ra }. Then 3 5i is a (^-stable if-subspace of 
V. Put dn(i) = deg (Fh |2 5< ) and djv(i) = deg(J r jv|2 l5i ). Then 

n n 

(Fh, 5) = ^2 Si ■ A H (i) and (Fn, 2 } = ^ S z ■ A N (i) 

1=1 i=1 

where A*(z) = d*(i) — d*(i + 1 ) for 1 < i < n and A*(n) = d*(n), so that also 

n n 

(Fh, 2) = A, • dnji) and (Fn, 5) = A, • rfjy(i) 

i= 1 i=1 

where A* = Si —Si -1 for 1 < i < n and Ai = 5i. Now (1) implies that dn(i) < djv(i) 
for all i and djj(l) = djv(l) from which (2) follows since A, > 0 for i > 1. Note 
that with these notations, we also find that 

n 

{Fn, e ) = Ai -d iv00 with d l N (i) = deg(J'j v |3' s *). 

2=1 

But deg(7’ J v) +deg(J r ^ r ) = 0 and more generally deg(.Fjv|FF) + deg(J r ] v |W / ) = 0 for 
every ^-stable A'-subspace W of V by functoriality of the slope Q-graduation, thus 
dN(i) + d L N (i) = 0 for all i. Therefore (Fn, 3} + (F L N , 3) = 0 for every (^-stable 
K-graduation 3 on V, which proves that (2) 4$ (3). □ 

We denote by Fil r lso(fc) the category of T-filtered isocrystals over k and denote 
by Fit lso(fc) u ' a its full sub-category of weakly admissible objects, as defined in the 
previous lemma. These are both exact Q p -linear < 8 >-categories, the smaller one is 
also abelian, and it is even a neutral Tannakian category when T = Z |]. 
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2.4. Fix a reductive group G over Q p , let Rep(G) be the Tannakian category of 
algebraic representations of G on finite dimensional Q p -vector spaces, and let 

V : Rep(G) —> Vect(Q p ) 

be the natural fiber functor. A 17-graduation on Vk = V <g> K (resp. T-filtration on 
Vk, G-isocrystal over k or T-filtered G-isocrystal over k) is a factorization of 

Vk : Rep(G) —> Vect(A") 

through the natural fiber functor of the relevant category Gr r (A^) (resp. Fil r (A'), 
Iso(fc), Fil r lso(fc)). We require these factorizations to be exact and compatible with 
the Cg>-products and their neutral objects. The set of all such factorizations is the 
set of A^-valued points of a smooth and separated Q p -scheme G r (G) (resp. F r (G), 
G, G x F r (G)). The G-isocrystal attached to b £ G(AT) maps r £ Rep(G) to 
( Vk(t),t(1 j) o Id <8> a). We identify b with the corresponding Frobenius element 
<p = ( b,a ) in G(AT) x (a). For r £ Rep(G), we denote by Q(t), F(t) or ip(r) 
the T-graduation, T-filtration or Frobenius on Vk(t) = V(t) <8> K attached to a 
T-graduation Q, T-filtration T or Frobenius tp on Vk- We say that a T-filtered 
G-isocrystal (tp, F) : Rep(G) —> Fil 1 Iso(fc) is weakly admissible if it factors through 
the full subcategory Fil r lso(fc) wa of Fil r lso(fc). 

2.5. There is a G-equivariant sequence of morphisms of Q p -schemes 

G r (G) F r (G) —C r (G) 

where C r (G) = G\G r (G) = G\F r (G) and the Fil-morphism is induced by the 
previous Fil-functors. We set G r (G*r) = G r (G)(A'), F r (Gx) = F r (G)(AT) and 
denote by C t (Gk) the image of F r (G/c) in C r (G)(A') under the type morphism 
t, giving rise to a G(A")-equivariant sequence of surjective maps 

G r (G K ) F r (G^) C r (Gx). 

Then C r (G K ) = G{K)\G r (G K ) = G(K)\F r (G K ), and it is a monoid. When 
T = R, it is the usual Weyl cone attached to G over K, and it comes equipped with 
a partial order (the dominance order). The slope decomposition yields a morphism 

v : G(K) G q (G k ) 

such that v(g ob) = g ■ v(b) for g,b £ G(K) with g o b = gba(g)~ 1 , i.e. a G(AT)- 
equivariant morphism p H > v(tp) from the G(A')-coset G(K) ■ a of Frobenius ele¬ 
ments in G(AT) x (a) (with the action by conjugation) to G®(Gk)- All of these 
constructions are covariantly functorial in G, T and k. 

2.6. A T-filtered G-isocrystal (tp, F) £ G(K) ■ a x F r (G/f) thus again defines 
three filtrations on Vk- the Hodge T-filtration Fn = IF in F r (G#) and the pair 
of opposed (^-stable Newton Q-filtrations Fn = Fil(t//v) and F L N = FH(lQn) in 
F < ®(G*r) attached to the slope Q-graduation Qn = v(tp) in G^(Gk)- 
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2.7. On the other hand, a T-filtered G-isocrystal (p, F) also “acts” on the extended 
Bruhat-Tits building B £ {Gk) of G over K, through the classical action of the group 
G(K) xi (a) on B € {Gk) and the canonical G(K) xi (er)-equivariant +-operation 

+ :B e (G x )xF R (G x )^B e (G x ) 
which is defined in [3 5.7.2]. We set X = B e (Gx) and define 

X V {F) = {x £ X : p(x) + F = x} = {x £ X : a(x ) = a;} 
where a(x) = p(x) + F for all x in X. For r £ Rep(G), we set 

X v (F)(t) = {x £ X(t) : p(r)(x) + F(r) = x} = {x £ X(t) : a(r)(x) = x} 
where a(r)(x) = p(r)(x) + F(r) for all x in X(r) = B e (GL(F(r))^). 

2.8. Fix a faithful p £ Rep(G). The G(K) xi (cr)-invariant “scalar product” 

: F r (G k ) x F R (G if ) ^R, {F u F 2 ) p = {F l {p),F 2 (p)) 
yields a (cr)-invariant length function 

HI, : C r (G k ) -»■ R+, \\t(F)\\ p = \\F\\ p = (F,F)I 

whose composition with the G{K) x (a)-equivariant “vector valued distance” 
d : B e (Gjc) x B e (Gif) -A C R (G K ), d(s ,x + F) = t{F) 

yields a genuine G(K ) x (a) -invariant distance 

d p :B e (G K )xB e (G K )^^+ 

which turns B c (Gk) into a complete CAT(0)-space. The above +-map defines a 
G(K) x (tr)-equivariant “action” of F R (Gx) on X = B e (Gx) by non-expanding 
maps, which yields a G{K) x ((j)-equivariant identification of F r (Gk) with the 
cone ^(dX) on the visual boundary dX of X (acting on X as in [1]). Under this 
identification, dX = {£ £ F r (Gk) : ||£|| = 1}. On the other hand, the Frobenius p 
is an isometry of (X, d p ). Thus a is a non-expanding map of (X, d p ). In particular, 

Xip(F) ^ 0 a has bounded orbits. 

Lemma 2. The isometry p of (X,d p ) is semi-simple, i.e. Min(^>) ^ 0 where 
Min(<p) = {x £ X : d p (x,p(x)) = min(<^)} 
with min((/j) = inf {d p (x, p(x)) : x £ X} . 

Moreover, p{x) = x + F L N for every x £ Min(y>) and ^(dMm(p)) is the fixed point 
set of tp acting on ^(dX) = F E (Gx), i.e. the set of p-stable R -filtrations on Vk- 

Proof. The first two assertions are established in [B] when k is algebraically closed 
and the general case follows from pQ II.6.2 (4)]. The final claim holds true for any 
semi-sinrple isometry p of a CAT(0)-space (X,d). Indeed, 9Min(y>) is contained 
in (dX)‘ p ~ ld by [TJ II.6.8 (4)]. Conversely, suppose that £ £ dX is fixed by p and 
choose some x in Min(y>) ^ 0. Then for every t > 0, 

p(x + f£) = p[x) + tp{£) = p(x) + i£, 
thus x + t£ also belongs to Min(y>) since 

min(y>) < d(x + i£, p{x + f£)) = d{x + t£, p{x) + f£) < d{x, p{x)) = min(<^) 
by convexity of the CAT(0)-distance d, therefore £ £ 5Min((^). □ 
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Remark 3. We should rather write min p (y>) to reflect the dependency of min(y?) 
on the choice of p, but the subset Min(y>) of X really does not depend upon that 
choice: it is precisely the set of all x £ X such that <p(x) = x + F‘ N . 

2.9. Applying these constructions to GL(V(t)) and its tautological faithful rep¬ 
resentation on V(t), we obtain a canonical distance d T on X(t) = B e (GL{V (t))k) 
for which p(r) is an isometry while a(r) is a non-expanding map. Moreover: 

X v (F)(t) ^ 0 •£=>■ a(r) has bounded orbits. 

Here the cones ^(dXfr)) and ^(<9Min(y>(r))) are respectively identified with the 
set of all R-filtrations on Vk(t) and its subset of (^(r)-stable R-filtrations. 

2.10. Fix a faithful p £ Rep(G) and some subgroup A ^ 0 of R. Then: 

Theorem 4. The following conditions are equivalent: 

( 1 ) {ip,JF) is weakly admissible. 

(1 T ) For every t £ Rep(G), (Vk(t), <p(r), F(t)) is weakly admissible. 

(Ip) (Vk(p)tT(p)tX(p)) is weakly admissible. 

( 2 A ) For every ip-stable A-filtration S on Vk, 

(J r H,Z) p < (Fn,E) p ■ 

(2 A ) For every t £ Rep(G) and every ip-stable A-filtration 3 on Vk(t), 

(F h (t),E) < (X n (t),E). 

(2 a ) For every ip-stable A-filtration 3 on Vk(p), 

{Fh(p),z) < <Jrv(p),S). 

(3) X V (D ± 0. 

(3 r ) For every t £ Rep(G), X^T)^) ± 0- 
(3 P ) X tp (F)(p) 7^ 0. 

(4) a has bounded orbits in (X,d p ). 

(4 t ) For every t £ Rep(G), a(r) has bounded orbits in (X(r),d T ). 

(4 p ) a(p) has bounded orbits in (X(p),d p ). 

Remark 5. It follows from the proof of Lemma Q] that here also 

(F N ,E) p + (r N ,E) p =0 

for every (^-stable R-hltration 3 on Vk- 

Proof. Obviously (1) «=> (1 T ), (2 A ) =>■ (2 A ) and (x T ) =>■ (x p ) for x £ {1,2,3,4}. We 
have already seen that (3^) ■<=> (4 X ) for all x £ {0,r, p} and Lemma |T] shows that 
(1 T ) 44- (2 a ) and (l p ) (2 A ). Set (2 X ) = (2®) for x £ {0,r, p} and let (2'), (3') 
and (4') be (2), (3) and (4) for the base change (ip',T') of (ip, JF) to an algebraic 
closure k' of k. Then obviously (2 X ) =► (2 A ), (2') =>- (2) and (4) (4') - thus also 

(3') <t=> (3). The main theorem of [4] asserts that (2) (3) provided that p satisfies 

a certain decency condition, which holds true by the main result of [ 6 ] when k is 
algebraically closed. Therefore (2') <t=> (3'). We will show below that (2 A ) =>■ (2) 
flZTEJ) , ( 2 ) => ( 2 ') (12J21) and (4) => (4 r ) (12331) . Since (3 r ) O ( 2 T ) and (3 P ) <i=> ( 2 p ) 
are special cases of (3) O (3') (2') (2) (applied respectively to G = GL(V(t )) 

and G = GL(V(p))), the theorem follows. □ 
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Remark 6 . Apart from the added generality of allowing T ^ Z, the equivalence of 
most of these conditions is either well-known or trivial and can be found in various 
places. For instance (1) <t=> (l p ) follows from [171 1.18] and (l p ) O (3 P ) is Laffaille’s 
criterion for weak admissibility [T2; 3.2], Our only new contribution is (2) <t=> (3), 
which is essentially our metric reformulation of Laffaille’s algebraic proof in [4] . 

2.11. (2 a ) => (2). Suppose that (2) does not hold: there exists a (^-stable In¬ 
filtration 3 on Vk such that (A#, 3) > (Jbv, 3). By [5j 4.1.13], there exists a 
maximal split torus S of Gk with character group M = Hom^ (S, G m ,K) and a 
morphism / : M —> R such that for every r G Rep(G) and 7 G R, 

5(t) 7 = ® m eM,f(m)>yV( T )m in Vk(t) = V(t k ) 

where V(tk ) = ©meMF(r) m is the weight decomposition of the restriction of tk 
to S. The image of / is a finitely generated subgroup Q of R. Since A is a non¬ 
trivial subgroup of R, there exists a sequence of morphisms q n : Q ► A such that 
^q n ■ Q ~> R converges simply to the given embedding Qs-K. The formula 

^n(7") 7 ©mGM, <j n o/(m)>7^(^")m 

then defines a A-filtration 5 n G F A (G/c) with ^3 „ -A 5 in (F r (Gk), d p ), thus also 

{3~H > “ n) p = n (3~H 1 7“n) p ^ n > “^n) p = {J~N j ^n) p 

for n 0. For any r in Rep(G), (mi,m 2 ) in (m G M : V'(r) m ^ 0} and n> 0, 
/(m 1 )-/(m 2 )=/(m 1 -m 2 ) and q n ° /(mi) - q„ o /(m 2 ) = q„ ° /(mi - m 2 ) 
have the same sign in {0, ±1}, thus for every r in Rep(G) and n^> 0, 

{5„(t) 7 : 7 G A} = {5(r ) 7 : 7 G R}. 

In particular, 3 n (p) is fixed by (p(p) for n 0. But then 3„ is a (^-stable A- 
filtration on Vk by [5] Corollary 69], thus (2 A ) also does not hold. 

2.12. (2) => (2'). Suppose that (2') does not hold. Then by [U Theorem 1, (4)], 
there is a unique / in < 9 Min( 7 /) such that (Th, £} p + (F L N , £) > 0 is maximal. This 
uniqueness implies that £ G F r (Gi<-') is fixed by the group Gal (k'/k) of continuous 
automorphisms of K'/K. Therefore £ G F R (G/c) and (2) also does not hold. 

2.13. (4) => (4 r ). Suppose that (4) holds and fix r G Rep(G) corresponding to a 
morphism / : G —> H = GL(V(t)). By [5] 5.8.4], there is a finite Galois extension 
L of Q p and for any factor K of L <g> K, a map / : B e (G^) —)• B e (Hf c ) such that 

f{g-x) = f{g) ■ f(x), f(x + G) = f(x) + f(G) and f(0-x)=0-f(x) 

for every x G B e (G^>), g G G(K), G G F R (G^-) and 0 G Aut(A"/Q p ). Fix an 
extension a G Aut(A/Q p ) of a G Aut(A'/Q p ), let = ( 6 , cr) be the corresponding 
extension of ip = (6, a), write a and <5(t) for the induced extensions of a and cx(t) 
to B e (G^) A B e (G K ) and B e (H k ) D B e (£T x ). Then f(a(x)) = d(r)(/(x)) for 
every x G B e (G^). Since a has a fixed point x in B e (Gie), f(x) is a fixed point of 
d(r) in B e (i7^), thus d(r) has bounded orbits, and so does a(r) = a(T)\B e (Hk) ■ 
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3. Mazur’s Inequality 

3.1. Fix a Frobenius p = b ■ a £ G(K) xi (a). For p £ C R (Gx), we define 

X v (p) = {x £ X : d (p(x), x) = p}. 

For any x £ X v (p), there is an F £ F R (G^) of type p such that x = p(x) + F, 
i.e. x £ X V {F). Conversely, X V (F) C X v (p) for any F of type p, thus 

Xtp(p) = U^r gF R( Gji .). t (jr) =M A" ¥ ,(J") = l>F£Adm v (ii)X<p(F) 

and X v (fi) ^ 0 Adm v (/i.) ^ 0 by the previous theorem, where 

Adm v ,(ju) = {J 7 £ F r (Gk ) : (< p,F ) is weakly admissible and t(F) = p} . 

3.2. Write v = t{Fi v). Since Fn £ F q (Ga) is fixed by p = b ■ a and the type map 
t : F ®(Gk) —>• C^(Gjf) is G(A)-invariant, v belongs to the fixed point set of a in 
C^(Gx)- Since C®(Gx) is a uniquely divisible commutative monoid on which (a) 
acts with finite orbits, averaging over these orbits yields a retraction p > p} onto 
the fixed point set of a. When k is algebraically closed, IS Theoreme 6] shows that 

X v {p) in (CQ(G*:), <) 

where < is the dominance partial order on C®(Gx)- This is still true over any per¬ 
fect held k, because if k' is an algebraic closure of k and K' = Frac(IF(fc')), then 
C^(Gx) C^(Gx') is a (cr)-equivariant morphism of partially ordered commu¬ 
tative monoids. We will establish below that conversely, v < p^ implies X lp (p) ^ 0 
when k is algebraically closed and G is unramihed over Q p . The latter assumption 
seems superfluous, but some variant of the former is really needed: if k = F p and 
p = a (i.e. b = 1), then v = 0 but X lp (p) ^ 0 <*=>■ p = 0. 

3.3. The subset X v (p) of X = B e {Gx) is closed for the canonical topology of X, 
but it is typically not convex, also X v (v) = Minfyj) is convex by [T] II.6.2]. On the 
other hand, X V (F) is always closed and convex by |2J Theorem 1.3]. The group 

J = Aut®(I4r, ip) = {g £ G(K) : pg = gp} = {g £ G{K) : gob = b} 

acts on X lf (p) and Adm v (/i), and j £ J maps X V (F) to X p (j ■ F). The convex 
projection p : X -» Min(y>) is non-expanding, J-equivariant, and of formation 
compatible with algebraic base change on k. Indeed if k' is a Galois extension of k 
and p' : X' -» Min(<//) is the corresponding projection, then p' is also Gal (k 1 /k)- 
equivariant. It thus maps X = X ,Ga ^ k [F5] 2.6.1] to Min((^') fl X = Min(tp) [I] 
II.6.2], from which easily follows that p'\X equals p. The projection p restricts to 
a quasi-isometric J-equivariant embedding p : X v (p) —> Min(</>), which is even a 
J-equivariant quasi-isometry (as defined in [TJ 1.8.14]) when k is algebraically closed 
and X<p(p) / 0. Indeed, the restriction of p to X lfi (p) has bounded fibers and J 
acts cocompactly on Min(tp) when k is algebraically closed by [6]. In this case, the 
boundary of X v {p) equals that of Min(</j), i.e. it is the fixed point set of p in the 
boundary of X. The boundary of X V (F) is described in [4] Theorem 1], 

3.4. We now establish our second main result: 

Theorem 7. If G is unramified over Q p and k is algebraically closed, then 
X v {p) ^ 0 <==> Adm^(p) ^ 0 <==> v < pK 
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Proof. It only remains to show that v < fjf implies Adm v (/i) ^ 0. By 0 5.1.1], 
v < ^ «=> Vz G C r (Ga) : (n\z) tr p < (^-)p r 
where (-, -) p r : C r (Ga) x C r (Ga) ^ M is defined in 0 4.2.5] and given by 
(Vi,» 2 )l r = inf {(J- 1 ,J- 2 ) p :(J- 1 ,J- 2 )gF r (Ga) 2 , ^ 1 ,^ 2 ) = (Mi,^ 2 )}. 

This “scalar product” (—, —) p is er-invariant and additive in both variables. It 
follows that (/x**, z) tr p = (/r, z) p r for every z G C r (Ga) fixed by a, so that 

v < ^ => Vz G C r (Ga)' t=W : (/L ^) p r < zYp ■ 

Suppose therefore that v < fiK Then for any IFh G F r (Ga) of type t(. Tr) = /x and 
every 92 -stable S G F r (Ga), since f(S) = z is fixed by a and t(-F/v) = v, 

(t(7- ff ),t(S))* r < (t(^),t(S))J- < (J-A,S) p . 

Thus .Fa will belong to Adm y (jx) if it happens to be in generic (= transverse) 
relative position 0 4.2.5] with respect to every 92 -stable S G F r (Ga), for then 

{Fh,z) p = (t{Fh *),*(E)) p r < (IF N ,E} p . 

It is therefore sufficient to show that the set of (^-stable R-filtrations on Va is a 
thin subset of F r (Ga) in the sense of 0 4.1.19]. Since k is algebraically closed, 
we may assume that 92 satisfies a decency equation as in 0 2 . 8 ] for some integer 
s > 0 , in which case every 92 -stable filtration is also fixed by er s , i.e. defined over 
the fixed field Q p s of a s in K, a finite (unramified) extension of Q p . Now since G is 
unramified over Q p , it admits a reductive model over Z p , which we also denote by 
G. We may now apply the thinness criterion of 0 Lemma 64], thus obtaining that 
the whole of F r (Gq pS ) is a thin subset of F r (Ga), which proves the theorem. □ 

4. Filtered Isocrystals 

4.1. The hardest implication in Theorem [4] seems to be (2 A ) =>■ (1): 

(2 a ) =* (2) =* (2') =► (40 =► (4;) =► (3;) =► (2' r ) =► (2 r ) =* (1 T ) =* (1). 

The key steps are: the fixed point theorem of 0, used in (20 => (40, and some 
functoriality of Bruhat-Tits buildings, used in (40 =>■ (4(_). However, the theory of 
Harder-Narasimhan filtrations provides an easier proof of a more general result. 

4.2. Fix an extension L of K = W(fc)[^] and denote by Fil)dso(fc) the category of 
triples (V, 92 , IF) where (V, 92 ) is an isocrystal over k and IF = Fh is a T-filtration 
on Vl = V 0a L. It is an exact (^-category equipped with Harder-Narasimhan 
filtrations attached to the slope function which is defined (for V ^ 0) by 

diniA V 

We now have four filtrations at our disposal: the Hodge T-filtration IFh on Vl, the 
92 -stable (opposed) Newton Q-filtrations IF N and IF L N on V = Va, and the 99 -stable 
Harder-Narasimhan Q[T]-filtration IFhn = on V = Va- 

Lemma 8. The following conditions are equivalent: 

(1) (I I, if, IF) is weakly admissible, i.e.: 

(a) deg (.Fa) = deg (.Fjv) and 
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(b) cleg(J r ff| W) < deg(J r Ar|VF) for every ip-stable K-subspace W ofV, 

(2) For every ip-stable A-filtration S on V, (Fh, H) < (.Fjv,S). 

(3) For every ip-stable A-filtration S on V, (Fh,^) + — 0- 

(4) ( Fh,Fhn) < (Fn,Fhn) ■ 

(5) ( Fh,Fhn) + (Fn’Fhn) < 0. 

(6) Fhn = 0. 

In (2) and (3), A is any non-trivial subgroup o/M. 


Proof. One proves (1) •<=>• (2) •o- (3) and (4) •<=>• (5) as in Lemma [Q moreover 
( 1 ) •o- ( 6 ) by definition of Fhn and obviously ( 6 ) =$■ (4), (5). Finally (4) =>■ ( 6 ) 
because: 


(■ Fh,Fhn) — {Fn,Fhn) 


H 7 ' ( deg Gr ^iv ( T h) - deg Gr]^ (F N )) 

7 

H 7 • dim * ( g 4m) • i- 1 ( Gr K, J 

7 

5> 2 .dim*(Gr^J 

7 

(Fhn, Fhn) 


using the definition of Fhn for the third equality. 


□ 


4.3. For a reductive group G over Q p , a T-filtered G-isocrystal over L is an ex¬ 
act ®-functor factorization (<p,F) of the fiber functor Vk ■ Rep(G) —> Vect (K) 
trough the natural fiber functor Fil£lso(fc) —> Vect(K). It again induces four ni¬ 
trations on the relevant fiber functors: the Hodge T-filtration Fh = F on Vl, 
the y>-stable (opposed) Newton Q-nitrations Fn and F U N on Vk, and the (^-stable 
Harder-Narasimhan Q[F] -filtration Fhn = Fhn(p,F) on Vk defined by 

Vr e Rep(G) : F H n(t) = F H n(V k (t), <p(r), F(t)). 

It is not at all obvious that this formula indeed defines a filtration on Vk : it does 
yield a factorization Fhn ■ Rep(G) — > Fi |■- 4 r l(JVT) of Vk, but we have to check that 
the latter is exact and compatible with the ^-products and their neutral objects. 
Since every exact sequence in Rep(G) is split (we are in characteristic 0), exactness 
here amounts to additivity, which is obvious. The issue is here the compatibility 
of Harder-Narasimhan filtrations with ^-products, where we need to use the main 
result of |19j . We say that (p,F) : Rep(G) —>• Fil£lso(fc) is weakly admissible if it 
factors through the full subcategory Fil^lso(fc) u,a of weakly admissible objects. 

4.4. Fix a faithful p € Rep(G) and some subgroup A ^ 0 of R. Then: 

Theorem 9. The following conditions on (<p,F) are equivalent: 

(1) (p,F) is weakly admissible. 

(1 T ) For every r € Rep(G), (Vk(t), ip(r), F(t)) is weakly admissible. 

(l p ) (Vk(p),<p(p),F(p)) is weakly admissible. 

(2 a ) For every ip-stable A-filtration H on Vk, 

(Fhf) p < (F n , S) p . 

(2 a ) For every r € Rep(G) and every ip-stable A-filtration S on Vk(t), 

(F h (t),E) < (F n (t),Z) . 
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(2 A ) For every ip-stable A-filtration 2 on Vk{p), 

{Fh{p)^) < (F N (p),Z) . 

(5) F HN = 0. 

(5 r ) For every t 6 Rep(G), Fhn{t) = 0. 

(5 P ) F HN (p) = 0. 

Proof. The following implications are obvious, or given by the previous lemma: 

(1) -> (1-r) -> (lp) 

ih / fh 

N f 'll" 

(2r) —’■ (2p) => (2 A ) 

/(V yjV. 

f \ f 

(5) (5 t ) ==> (5 P ) 

We have (2 A ) O (2 R ) O (2^) as in CUD (5 P ) => (5) by 0 
finally (2^ r ]) =>• (5 P ) since (2^ r l) with 2 = Fhn gives 

(J 7 h{p),J 7 hn{p)) < (Fn(p),F H n(p)} 
which implies F hn{p ) = 0 by the previous lemma. 

4.5. The above proof of (2 A ) =>- (1) looks much easier, but it still uses Totaro’s 
theorem to the effect that Harder-Narasimhan filtrations are compatible with (g>- 
products. Conversely, the above theorem implies that weakly admissible objects are 
stable under (g)-product: apply (l p ) =>- (l r ) with G = GL(V i) x GL(V 2 ), p = piSp 2 
and t = p\M P2 with pi the tautological representation of GA(Vj). In particular, 
Theorem 0] yields another proof of Totaro’s result when L = K, which was of course 
already known to Laffaille: if Mi is a strongly divisible lattice in Vi, then Mi £g> M 2 
is a strongly divisible lattice in V\ (g) V 2 - 

5. Weakly admissible filtered isocrystals 

5.1. Weakly admissible T-filtered isocrystals over L have a Harder-Narasimhan 
filtration of their own, defined by Fargues in [5] §9] when T = Z, for the slope 
function p = deg / dim, where the degree function is now given by 

deg(H, p, F) = - deg (F H ) = - deg(F N ) = deg (F L N ) £ Q. 

An object ( V. , p,F) in Fil^lso(A:)' u ' a is thus again equipped with four filtrations: the 
Hodge T-filtration F = Fh of Vj, by L-subspaces, the pair of opposed Newton (In¬ 
filtrations (Fn,F 1 n ) of V by tp-stable AT-subspaces, and the Fargues Q-filtration 
Ff of V by ((^-stable) weakly admissible A'-subspaces. Note that the previous 
Harder-Narasimhan T-filtration Fhn on V by ^-stable AT-subspaces is now trivial! 

5.2. For a weakly admissible object ( V,<p,F) in Fil^lso(fc) and a subgroup A ^ 0 
of M, we denote by F A (V) the set of all A-filtrations on V, by F A (V, ip) C F A (F) 
its subset of A-filtrations by yj-stable AT-subspaces, and by F A (V, ip, F) C F A (V, ip) 
its subset of A-filtrations by weakly admissible (^-stable A'-subspaces. Moreover, 
we equip F K (F) with the (^-invariant CAT(0)-distance [SJ Corollary 72] defined by 

d(F 1 ,F 2 ) = sJ\\Fi\\ 2 + \\F 2 \\ 2 -2 (Fi,F 2 ). 


Corollary 69] and 


□ 
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Then F R (V, ip) and F R (V, ip,F) are closed and convex subsets of F R (F). In fact: 
Lemma 10. For (I S,ip,F) € Fil R \so(k) wa and a subgroup 0 / A C 1 as above, 

F a (F, F) = {S g F A (V, if) : (F H , 5) = (T N ,E)} . 

For A = K, this is a closed convex subset of F R (F). Moreover Fp G F ( ®(F, ip, F) is 
the image of F L N G F < ®(F, ip) under the convex projection p : F R (F, ip) —> F R (I/, ip, F). 

Proof. For S G F A (V, ip), set {A G A : Gr| ^ 0} = {<5i < • • • < <5„}. Then S a< is a 
(^-stable .A-subspace of V. Put dn(i) = deg(FAj£#), d#(i) = deg(Fjv|S 5i ). Then 

n n 

(F" h ) S) — (Fn, 5) = ^2 Si ■ (A H (i) — Ajv(i)) = ^ Ai ■ ( dn(i ) - <Fv(«)) 

2 — 1 2—1 

where A*(*) = d*(i) — d*(i + 1 ) for 1 < i < n, A*(n) = d*(n), A* = Si — <5j_i 
for 1 < I < n and Ai = <5i, as in the proof of lemma |T| We now know that 
dff(i) < djv(i) for all i with equality for 1 = 1 . Since Aj > 0 for I > 1, we obtain 

(F - h j S) = (Fjv, S) VI < i < n : dfl-(i) = div(i)- 

The displayed equality immediately follows, which may also be written as 

F A (V,p,F) = {ZeF A (V,p):(F H ,Z) + (F' N ,Z)=0}, 

= {ZGF A (V,p):{F H ,Z) + {F^Z)>0}. 

Since the scalar product ) is continuous and concave (see [5] Corollary 73]), 
this is (for A = K.) a closed and convex subset of the closed and convex subset 
F r (V, ip) of the CAT(0)-space F R (F). Take now Z = p(F L N ), the convex projection 
of F l n to F r (F, <p, F). For 1 < i < n, a weakly admissible subspace W of Gr|' and 
a small e > 0, let S' = S (i, W, e) be the (^-stable M-filtration on V with Gr|, = Gr| 
unless S = Si or Si + e, where Gr^f, = Gri' /W and Gr|f, +e = W. By definition of S, 

3) — 2 (F U N , S) < (S', S') — 2 (F#, S'), 

which easily unfolds to the following inequality, valid for small e > 0 : 

e 2 dim# W + 2e (Si dim# W — deg(F) v |W / )) > 0. 

It follows that Si > p(W). For W = Gri', we may also allow negative e’s with small 
absolute values in the above argument, this time obtaining Si = p(Gr~)- Therefore 
Grl' is /i-semi-stable of slope S t for all 1 < i < n, and S thus equals Fp. □ 

5.3. Let now G be a reductive group over Q p and let 

(<p,F) : Rep(G) -> Fil£ \so(k) wa 

be a weakly admissible T-filtered G-isocrystal over L. We denote by 
F A (G K ,ip,F) cF A (G K ,ip) CF A (G K ) 

the set of A-filtrations on the fiber functor V# : Rep(G) —» Vect(A') by respec¬ 
tively (^-stable and (/ 3 -stable weakly admissible AT-subspaces. We also fix a faithful 
representation p of G and equip F R (G#) with the CAT(0)-metric defined by 


d P (F u F 2 ) = V / ||F-i||" + ||F- 2 ||^2(J- 1 ,J- 2 ) p . 
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Lemma 11. With notations as above, 

F A (G k ,<p, r) = {s G F a (Gk, ,p) : (F H , S) p = (F N , S) p } . 

For A = R, this is a closed convex subset of (F r (Gk ), d p ). 

Proof. If E G F a (G k ,P,F), then S(p) G F A (V K (p), ip{p), F{p)), thus 

{FhU) p = (-Fff(p)> s (p)) = (F n {p),Up)) = (J r N ,E) p 

by the previous lemma. Suppose conversely that 5 G F a (Gk,p) satisfies this 
equation, choose a splitting of S (which exists by [5] Corollary 55]) and use it to 
transport (Grs(^), Grs(J r )) back from the fiber functor Grs(Fx) to (<£>', F') on Vk- 
Since Fi^lso^) 1 " 0, is a strictly full subcategory of Fil£lso(fc) which is stable under 
extensions, it is sufficient to establish that (ip', F r ) is weakly admissible: this follows 
from ( l p ) =>■ (1) of theorem [9] since ( Vk(p),<p'(p),F'(p )) is weakly admissible by 
the previous lemma. For A = R, one shows as above that 

F R (G K ,p,F) = {e g F r (Gk , ip) : (F H , S) p + (F l N , S) p = 0 j 
= js g F r (Gk, <p) : (Fh j 2) p + (F l n , E)p > o} 

is a closed convex subset of F R (Gx, <p). □ 

5.4. We may now establish the analog of Totaro’s tensor product theorem for Ff- 
For r = Z, an entirely different proof is given in [5] §9.2]. 

Theorem 12. The Fargues filtration defines a ®-functor 

F f : Fil£lso(fc) u '° -> Fil|. 

Proof. The general formalism of Harder-Narasimhan filtrations yields the functo- 
riality of Ff and reduces its compatibility with tensor products to the following 
statement: if (V), ipi,Ff) G Fil£lso(fc) u,a is semi-stable of slope //,; G Q for i G {1, 2}, 

(V, <p, F) = (FT ® V 2 , ^ ® ip 2 , F x ® F 2 ) G F\\ r L \so(k) wa 

is semi-stable of slope p = pi + p 2 , which means that for every weakly admissible 
subobject X of V, deg(.Fjy|X) < deg(V(//)|X) with equality for X = V. Here V{v) 
denotes the filtration on V such that Gr^^ = V. Exactly as in Lemma [Q this 
condition is itself equivalent to the following one: for every S G F R (V, ip, F), 

(F b N , H) < (V(p), S) (or : (F L N , S) + (V(-p), S) < 0 ). 

We adapt Totaro’s proof to this setting. Applying the functor F R (—) to 

GL(Vj) x GL{V 2 ) ~^G = GL(V i) x GL{V 2 )/ A(G m ) GL(V i ® V 2 ) 

where A is the diagonal embedding yields a factorization 

F r (Fi) x F r (F 2 ) -» F R (G) -a F r (Vi ® V 2 ) 

of the map (Gi,G 2 ) Gi < 8 > G 2 , which identifies F R (G) with a closed and convex 
subset of F r (Fi <g> V 2 ). Let p : F R (VT ® V 2 ) -» F R (G) be the convex projection 
and pick (Si,S 2 ) G F r (Vi) x F R (V 2 ) mapping to p( 5) G F R (G) (this is Kempf’s 
hltration of [TUI § 2 ]). Since p is 93 -equivariant, p( 5) belongs to F R (G, ip) and then 
also S, G F r (F,, ip) for i G {1, 2}. Moreover, for any (&, g 2 ) G F R (F l!jL ) x F R (F 2 , L ), 

(5.1) (Gi < S > 02,3) < (Gi ® G 2 ,p(U) 
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by |5] 5.5.8] since p is also the restriction to F R (TA 8 V 2 ) of the convex projection 
from F r (1/i j l 8 V 2 ,l) onto F r (Gl). On the other hand, one checks easily that 

(Gi 8 Hi 8 TL 2 ) = {Gi, T~L\) • dim V 2 + (G 2 , TL 2 ) ■ dim Vi 
(5.2) + deg Gi ■ deg U 2 + deg Hi ■ deg Q 2 

for every ( Gi,fii ) G F r (14,l)- We will now apply these two formulas to 


^(° n V) 
Fh{ on Vl) 
V{-p) 
p(E) 


F L N (°n Vi) 8 J^on F 2 ), 
Fff(on Vi) (81 FA(on P 2 ), 
Vi(—A*i) 8 k2(— P 2 ), 

Si 8 S 2 . 


First recall that since (V,tp,F) is weakly admissible (by Totaro’s theorem!), 

(T H ,pm + (r N ,p( E)) <0. 

Since (F#, 5) + (Fjy, 5) = 0 by assumption on E and Lemma [TUI actually 

(t h ,p(~)) + (r N , P (z)) = 0 

by (15.11) . Applying formula (15.21) twice and grouping terms, we obtain 

0 = ((F H , + (F^^)) ■ dimV 2 

+ ^ 2 } + (F}y, “ 2 )) ' dim Vi 

+ (deg(FA on Vi) + deg(F L N on Vi)) • deg S 2 
+ (deg(JA on V 2 ) + deg(F^ on V 2 )) • deg Ei. 


Since V\ and V 2 are weakly admissible, the first two terms are < 0 and the last two 
trivial. Thus (F H ,Zi) + (F^,Ej) = 0 for i G {1,2}, i.e. S * G F R (V i ,ip i ,J r i ). Now 
applying our two formulas (15.11) and (15.21) twice again also gives that 


(■^"zv, S) + (V (—/i), 5) < <J^,p(S)) + (V(-p),p(Z)) 

< ((7} v ,S 1 ) + (F 1 (-/x 1 ),S 1 ))-dimF 2 
+ ((-S/v> ^ 2 ) + (V 2 (—/xi), E 2 )) • dim Vi 

+ (deg(F^ on Vi) + deg(Vi(-/xi))) • degS 2 
+ (deg(J^ on l/ 2 ) + deg(F 2 (-/d 2 ))) • deg Si. 

Since V) is semi-stable of slope /j,; for i G {1,2}, the first two terms are < 0 and 
the last two trivial. Thus (F]^,S) + (F(—/x),S) < 0 for all S G F R (l/,<^, F) and 
(V, tp, F) is indeed semi-stable of slope p. □ 


5.5. A weakly admissible T-filtered G-isocrystal (tp,F) over L thus again yields 
four filtrations: the Hodge T-filtration Tu G F r (Gu), the pair of opposed Newton 
Q-filtrations Fjv, F L N G F ®(Gk, t) and the Fargues Q- filtration Tp G F ( ®(Gx, tp, F), 
which is obtained by composing the exact ( 8 -functor (p, F) with the 8 -functor of 
the previous proposition (the resulting 8 -functor is exact because it is plainly addi¬ 
tive and every exact sequence in Rep(G) is split). The former Harder-Narasimhan 
filtration Fhn is trivial. We claim that, just as in the GL(V)- case: 

Proposition 13. The Fargues <Q-filtration Fp is the convex projection of F L N . 
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Proof. The map Q i-» G(p) identifies F E (Gif) with a invariant closed convex 
subset of F r (Vr'(p)). Let p be the convex projection from F r (Vk (p)) to F r (G_r-). 
It is (p-equivariant and thus maps F r (Vk(p), <f{p)) to F R (Gx,<p). Moreover, 

(H{p),Q) < (n(p),p(G)(p )) = (H,p(G)) p 

for every TL G F R (Gif) (or F R (G L )) and Q € F r (Vk(p)), exactly as in the proof of 
the previous proposition. Suppose now that Q belongs to F r (Vk(p), <p(p), F(p)). 
Then p(G) also belongs to F R (Gx, <p, F). Indeed, since (<p, F) is weakly admissible, 

^H, P {G)) p + {r N ,p{g)) p < o 

but also (Fh(p), G) + ( F L N (p ), Q) = 0 thus actually 

(Fh,p(G)) p + (F l n ,p(G)) p = 0 

i.e. p{G) belongs to F R (Gif, <p, F). Since p is non-expanding and F U N G F r (G_r-), 

d{F L N (p),g) > d(F L N (p),p(g)(p)) = d P ( F L N ,p(g )) > d P (F° N ,F' F ) = d(F L N (p),F' F (p)) 

where F' f is the convex projection of F L N G F R (Gic, <p) to F R (Gic, <p, F). Since this 
holds true for any Q G F R (V/f(p), ip(p), F(p)), it follows that F' F (p ) = F F {p) by 
Lemma ITUl But then F' f = F f since F R (Gic) F R (bx(p)) is injective. □ 
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